
A HY BRI D  MODEL OF GROWTH WITH  

O V E R L A P P I N G  G E N E R AT I ON S

H I & A N Y A  MUKHOPADHYAY

NO. 10 OCTO BE R ,  1 9 9 0



ACKNOWLg DGEMENTS

T h i s  paper  h a s  b e n e f i t e d  i m m e n s e l y  from d i s c u s s i o n s  w it h  

P r o f e s s o r  Swapna  M u k h o p a d h y a y  and  Drs.  R . J h a ,  Amal S a n y a l  ,

A. D a s g u p t a  and S. G a n g o p a d h y a y . I w ou ld  a l s o  l i k e  to t ha n k  

an  a n o n y m o u s  r e f e r e e  f o r  v a l u a b l e  s u g g e s t i o n s .  I ,  o f  

c o u r s e ,  r e t a i n  s o l e  r e s p o n s i b i l i t y  for  e r r o r s .



In tro d u c t io n

One o f  the  m a j o r  i s s u e s  c o n c e r n i n g  the  i n c i d e n c e  o f  t a x  

i s  w h e t h e r  it  d i s c o u r a g e s  or e n c o u r a g e s  t h e  g r o w t h  o f  

e c o n o my .  H o w e v e r ,  most o f  the  a u t h o r s  h a v e  c o n f i n e d  t h e i r  

a n a l y s i s  to the  s t e a d y  s t a t e  f r a m e w o r k ,  in  w h i c h  the  r a t e  o f  

g r o w t h  o f  a l l  r e l e v a n t  m a g n i t u d e s  r e m a i n s  c o n s t a n t  over  t ime  

( f o r  a non s t e a d y  s t a t e  a p p r o a c h  see  B oad way  ( 1 9 7 7 ) ) .

I n  a o n e  c o m m o d i t y - o n e  c l a s s  S o l o w  t y p e  m o d e l  t h e  

c o n d i t i o n  for  s t e a d y  s t a t e  i s :

k ■ s f ( k )  - nk

w h e r e  k i s  c a p i t a l - l a b o u r  r a t i o ,  s i s  t h e  m a r g i n a l  

p r o p e n s i t y  to s av e  and n i s  t h e  e x o g e n o u s l y  g i v e n  p o p u l a t i o n  

g r o w t h  r a t e .  S i n c e ,  t h e  g r o w t h  r a t e  o f  t h e  economy i s  f i x e d  

by  t he  p o p u l a t i o n  g r o w t h  r a t e  n ,  t he  i mpact  o f  a t a x  on t h e  

l o n g  run g r o w t h  r a t e  c an  not  be  s t u d i e d .

A t k i n s o n  and  S t i g l i t z  ( 1 9 8 0 )  p r o v e d  t h a t  a t a x  on 

c a p i t a l  c a n  i n f l u e n c e  the  d y n a m i c  b e h a v i o u r  o f  t he  economy 

v i a  t h e  s a v i n g s  f u n c t i o n  u n d e r  the  a s s u m p t i o n  t h a t  s i s  

f u n c t i o n  o f  k and  the  t a x  r a t e .  I f  s a v i n g s  i s  a n e g a t i v e  

f u n c t i o n  o f  the  t a x  r a t e ,  t h e n ,  a f t e r  t h e  i m p o s i t i o n  o f  tax

t h e r e  w i l l  be a l o w e r  k ,  w h i c h  e n s u r e s  t h e  s t e a d y  s t a t e

p r o p e r t y  o f  t h e  m od e l .  The  f a l l  i n  k l e a d s  to a r i s e  in the

g r o s s  r e t u r n  to c a p i t a l  a n d  a f a l l  i n  t h e  w a g e  rate- 

H o w e v e r ,  e conomy i s  g r o w i n g  as  u s u a l  at t h e  r a t e  n w i t h  a 

l owe r  c a p i t a 1 : 1 ab ou r  r a t i o  and a l o w e r  per  c a p i t a  income.



Now i f  we r e p l a c e  the  c l a s s i c a l  s a v i n g s  f u n c t i o n  by 

l i f e - c y c l e  s a v i n g s  i n  a ' o v e r l a p p i n g - g e n e r a t i o n s '  model  as 

d e v e l o p e d  by D i am on d  ( 1 9 6 5 ) ,  t h e n  a n y  t a x  on c a p i t a l  to make 

a t r a n s f e r  to t h e  o l d e r  g e n e r a t i o n s  ( r e t i r e d  w o r k e r s )  w i l l  

l e a d  to a f a l l  i n  t h e  v a l u e  o f  k ,  b u t  i f  t h e  r e v e n u e  i s  

d i s t r i b u t e d  among t h e  y o u n g e r  g e n e r a t i o n s  ( c u r r e n t  w o r k e r s ) ,  

k w i l l  r i s e  b e c a u s e  y o u n g e r  g e n e r a t i o n s  i s  t h e  o n l y  s o u r c e  

o f  s a v i n g s .  A g a i n ,  t h e  i n t e r e s t i n g  o b s e r v a t i o n  i s  t hat  t h e  

l on g  run g r o w t h  r a t e  i s  u n c h a n g e d .

T h er e  a r e  o t h e r  w o r k s ,  e . g .  J h a  ( 1 9 8 7 ) ,  G r i e s o n  ( 1 9 7 5 )  

and B o s ki n  ( 1 9 7 8 )  w h i c h  d e a l  w i t h  s e v e r a l  i m p o r t a n t  a s p e c t s  

o f  tax  p o l i c i e s  i n  a g r o w i n g  eco no my .

H o w e v e r ,  a n e o c l a s s i c a l  g r o w t h  model  i s  not  s u i t a b l e  

for  the  e x e r c i s e  m e n t i o n e d  a b ov e  due  to many r e a s o n s .  I n  a 

So lo w  type  g r o w t h  mo de l  long  run g r o w t h  r a t e  ( g )  i s  f i x e d  by 

t he  p o p u l a t i o n  g r o w t h  r a t e  ( n ) .  T h e r e f o r e ,  t h e  c a u s a l i t y  

r u n s  f r o m  g r o w t h  t o  d i s t r i b u t i o n .  A f i s c a l  p o l i c y  c a n  

a f f e c t  t h e  g r o w t h  r a t e  by i t s  impact  on t h e  d i s t r i b u t i o n  o f  

t o t a l  income- A f i x e d  c o e f f i c i e n t  n e o c l a s s i c a l  gr o wt h  model  

[ se e  M a r g l i n  ( 1 9 8 4 ) ]  w h i c h  i s  c l o s e d  by t h e  c l o s u r e  g = n , i s  

a l s o  n ot  s u i t a b l e  f o r  t h i s  p u r p o s e  f o r  v a r i o u s  r e a s o n s  

Most i m p or ta n t  among them i s  t h a t  t h e  model  is  u n s t a b l e .  

Even  i f  we o v e r c o m e  the  s t a b i l i t y  p r o b l e m  by c o n v e r t i n g  it 

i n t o  a t wo  c l a s s  m o d e l  ( w o r k e r s  and  p r o f i t  e a r n e r s  w i t h  

d i f f e r e n t  s a v i n g s  p r o p e n s i t i e s )  w h i c h  e n s u r e s  a p o s i t i v e  

e l a s t i c i t y  b e t w e e n  s a v i n g s  and t h e  r a t e  o f  p r o f i t ,  t h e  v e r y  

e x i s t e n c e  o f  t h e  c l o s u r e  g= n  w o u l d  not p e r m i t  us to study  

t he  impact  o f  a f i s c a l  p o l i c y  on t h e  l o n g  r u n  g r o w t h  r a t e .



T h e r e f o r e ,  our  o b j e c t i v e  i s  to d e v e l o p  a HYBRI D  gr ow th  

m o d el ,  w h i c h  i s  not  c l o s e d  by the  a s s u m p t i o n  g“ n and the  

c a s u a l t y  r u n s  from d i s t r i b u t i o n  to g r o w t h .  Th e  model i s

c a l l e d  h y b r i d  b e c a u s e  i t  m a k e s  u s e  o f  b ot h  t h e  

n e o c l a s s i c a l  u t i l i t y  m a x i m i z a t i o n  t e c h n i q u e  and a t y p i c a l
£

n e o - M a r x i a n  c l o s u r e ,  namely  W**W , w h e r e  W i s  t h e  wage  r a t e .

T h e s e  two e l e m e n t s  o f  two d i s t i n c t l y  d i f f e r e n t  gr ow th  

m od e ls  w i l l  e n s u r e  t h r e e  t h i n g s  i n  o u r  m o d e l .  T h e s e  are  as  

f o l l o w s :

1. P o s s i b i l i t y  o f  d i v e r g e n c e  b e t w e e n  p o p u l a t i o n

g r o w t h  r a t e  ( n )  and t h e  r a t e  o f  g r o w t h  o f  o ut pu t  

( g )  ( i . e . ,  p o s s i b i l i t y  o f  u n e m p l o y m e n t ) .

2 .  C a u s a l i t y  r u n s  from d i s t r i b u t i o n  to growth .

3 .  U n l i k e  n e o - M a r x i s t s ,  g i v e n  the  p a r a m e t e r s  o f  the

m o d e l ,  an i n d i v i d u a l  i s  f r e e  to m a x i m i z e  h i s  l i f e

t i me  u t i l i t y .

T h e  M o d e l

I n  o u r  model  we assume e a c h  i n d i v i d u a l  l i v e s  for  two 

p e r i o d s ,  a y e a r  o f  w o r k  a n d  a y e a r  o f  r e t i r e m e n t .  

C o n s u m p t i o n  t a k e s  p l a c e  a f t e r  t h e  h a r v e s t  A w o r k i n g  

i n d i v i d u a l  c o n s u m e s  out  o f  h i s  own a s s e t s  ( i . e ,  wage  income 

w h i c h  he r e c e i v e s  from the r e t i r e d  g r o u p s )  and  s a ve s  for  h i s  

r e t i r e d  c o n s u m p t i o n ,  we a l s o  a s s u m e  o v e r l a p p i n g  g e n e r a t i o n s  

and no b e q u e s t s .



It  i s  a ssu me d  that  a l l  i n d i v i d u a l s  are  i d e n t i c a l  in

p r e f e r e n c e s  and e a c h  a l l o c a t e s  h i s  w age  b e t w e e n  c o n s u m p t i o n

1 9
i n  t h e  two p e r i o d s  o f  h i s  e c o n o m i c  l i f e  ( C  an d  C )

a c c o r d i n g  to m a x i m i z a t i o n  of  a " L i f e - C y c l e "  u t i l i t y  f u n c t i o n

1 2
o f  t h e  f orm  U ( C  , C  ) s u b j e c t  to t h e  l i f e - c y c l e  b u d g e t  

c o n s t r a i n t ,

1 c2 
C 1 + --  = W

1 +  r

Where  r is  the  r a t e  o f  p r o f i t  and W is  the  wage  r a t e .

P r o d u c t i o n  i n  o u r  m o d e l  i s  c h a r a c t e r i z e d  by a

one-commodi ty  model  in w h i c h  c o r n  is  p r o d u c e d  by means o f  a 

f i x e d  c o - e f f i c i e n t  t e c h n o l o g y  in  w h i c h  the  o n l y  i n p u t s  are  

s e ed  corn  and l a b o u r .  Out put  i s  g r o w i n g  at a c o n s t a n t  r a t e

g.  The  c u r r e n t  o u t p u t  l e v e l  i s  X t - The  p r o d u c t i o n

r e l a t i o n s h i p  i s  thus

Xt = Ct + a l X t ( 1 ) ......................................... ( 1 )

i s  t o t a l  c o n s u m p t i o n  o f  r e t i r e d  and y o u n g e r  g e n e r a t i o n s  

from t h i s  y e a r ' s  h a r v e s t  and a  ̂ t he  r e q u i r e m e n t s  o f  seed

c o rn  per u n i t  o f  c o r n  h a r v e s t .  The  o n l y  o t h e r  t e c h n o l o g i c a l  

p a r a m e t e r  is a Q , w h i c h  r e p r e s e n t s  c e l a b o u r  r e q u i r e m e n t s  

per  b u s h e l  o f  c o r n  o u t p u t .  We f u r t h e r  assu me  t h a t  t o t a l  

l a b o u r  r e q u i r e m e n t s  to p r o d u c e  i s  o n e ,  i n  o t h e r  w o r d s ,

a 0 Xt +  = ( T h i s  a s s u m p t i o n  i s  made to remove  one  e xt ra

unknown from our m o d e l ) ,

Th ere f o r e

1 = a x ( 1 + g )  +  Ct / X t ............................................ ( 2 )



Now Che model  we a r e  c o n s i d e r i n g  is  a model  of  o v e r l a p p i n g  

g e n e r a t i o n s ,  t h e r e f o r e ,  i f  now we h a v e  one w o r k e r  and o ut pu t

is  g r o w i n g  at the r a t e  g ,  t h e n ,  t h e r e  must h a v e  been 1 / 1 + g

w o r k e r s  in t h e  l a s t  p e r i o d .  H e n c e  a Q X t = 1 / 1 + g .

S u b s t i t u t i n g  the  v a l u e  o f  Xfc i n  ( 2 )  we g e t ,

1 - a i ( 1 + g )
Ct = — — 7 -.........................................................................( 3 )

a 0 d + g)

No te  t h a t  C t i s  t h e  t o t a l  c o n s u m p t i o n  o f  1 / 1 + g  w o r k i n g  

p e o p l e  an d  l / ( l + g )  o f  r e t i r e d  p e o p l e  w h i c h  t a k e s  p l a c e

a f t e r  the h a r v e s t  Xt .

The  p r i c e  e q u a t i o n  o f  t he  model  i s

1 = W a Q +  (1 +  r)  a j  .................................. ( 4 )

W h e r e  r i s  t h e  r a t e  o f  p r o f i t  a n d  W i s  t h e  w a g e  r a t e .

T h e r e f o r e ,  c o m b i n i n g  ( 3 )  an d  ( 4 )  we h a v e  f o u r  u n k n o w n s ,

n a m e l y ,  Ct , W , g  and r but we h av e  two e q u a t i o n s .

■k
Assume W=W , ( w h i c h  i s  a t y p i c a l  n e o - M a r x i s t  c l o s u r e )

As s oon  as W i s  known to us r w i l l  be d e r i v e d  from 

e q u a t i o n  4. E ac h  i n d i v i d u a l  w i l l  now a l l o c a t e  i t s  corn  wage

*
W ( b e c a u s e  p r i c e  is  one  in  a o n e - c o m m o d i t y  m o d e l )  between

c o n s u m p t i o n  i n  t h e  two p e r i o d s  o f  i t s  e c o n o m i c  l i f e .

1 2
T h e r e f o r e ,  a c on su m er  w i l l  m a x i m i z e  U (C  , C  ) s u b j e c t  to the 

b u d g e t  c o n s t r a i n t ,

1 +  r



1 * 2 *
H e n c e ,  we get  C (w , r )  and C (w , r ) .  As i n d i v i d u a l s  a r e

i d e n t i c a l  in  t h e i r  p r e f e r e n c e s ,  we c a n  d e r i v e  t o t a l

c o n s u m p t i o n  o f  1 / 1 + g  w o r k i n g  p e o p l e  and l / ( l + g )  o f  r e t i r e d

p e o p l e ,  w h i c h  i s  a f u n c t i o n  o f  g f o r  g i v e n  r and  w * .  T h i s

f u n c t i o n a l  r e l a t i o n s h i p  b e t w e e n  Ct and  g t o g e t h e r  w i t h  the

f u n c t i o n a l  r e l a t i o n s h i p  b e t w e e n  Ct and  g as  d e f i n e d  i n  ( 3 )

■k *
w i l l  d e t e r m i n e  s i m u l t a n e o u s l y  Ct and g u n d e r  a n e c e s s a r y  

and  s u f f i c i e n t  c o n d i t i o n  w h i c h  e n s u r e s  t h e  e x i s t e n c e  o f  the 

e q u i l i b r i u m  f o r  a p o s i t i v e  g ( e x i s t e n c e ,  u n i q u e n e s s  an d  

s t a b i l i t y  o f  t h e  e q u i l i b r i u m  h a v e  b e e n  d i s c u s s e d  i n  t h e  

ap pe nd  i x )-

It may be o b s e r v e d  that  we h av e  a n e g a t i v e  r e l a t i o n s h i p  

b e t w e e n  r and g ,  a s  a r e d u c t i o n  i n  r i m p l i e s  a c h a n g e  in  

the d i s t r i b u t i o n  o f  i nco me  i n  f a v o u r  o f  the  w o r k i n g  p e o p l e .  

Due to the p o s i t i v e  m a r g i n a l  p r o p e n s i t i e s  to s a v e  o f  the  

w o r k i n g  p e o p l e ,  a n y  c h a n g e  in the d i s t r i b u t i o n  o f  i nco me  in 

f a v o u r  of  t h e  w o r k i n g  p e o p l e  r e s u l t s  in  a r i s e  in t h e  

s a v i n g s  t h e r e f o r e ,  t he  r a t e  o f  gr o wt h  w i l l  r i s e .

In the n e o - M a r x i s t  a p p r o a c h  the  r e l a t i o n s h i p  b e t w e e n  g 

and r is p o s i t i v e ,  [ s e e  M a r g l i n  ( 1 9 8 4 ) ]  b e c a u s e  it  has  been 

a s s u m e d  t h a t  e n t i r e  w a ge  i n c o m e  is  c o n s u m e d  an d  e n t i r e  

p r o f i t  is  s a v e d .  I n  the n e o - C l a s s i c a l  m o d e l ,  g r o w t h  was 

o b s e r v e d  to be p r i o r  to d i s t r i b u t i o n .  Once  g i s  f i x e d  by 

the p o p u l a t i o n  g r o w t h  r a t e  ( n ) ,  it  i s  e a s y  to d e t e r m i n e  the 

g r o s s  i n v e s t m e n t  r e q u i r e m e n t  for  a g i v e n  a ^ .  Once

i n v e s t m e n t  i s  known to u s ,  e q u i l i b r a t i n g  r can  be d e t e r m i n e d  

from the s a v i n g  s c h e d u l e .  H o w e v e r ,  the  p r e f e r e n c e  p a t t e r n  

h e l p s  us to d e t e r m i n e  p r e s e n t  and f u t u r e  c o n s u m p t i o n s ,  wh ic h  

ta ke  p l a c e  s i m u l t a n e o u s l y  w i t h  t h e  d i s t r i b u t i o n  o f  i ncome .



But  I n  o u r  m o d e l ,  g r o w t h  a n d  t o t a l  c o n s u m p t i o n  a r e  

s i m u l t a n e o u s l y  d e t e r m i n e d  a l t h o u g h ,  l i k e  n e o - M a r x i s t ,  

d i s t r i b u t i o n  i s  p r i o r  to g r o w t h .

A n o t h e r  c r u c i a l  c h a r a c t e r i s t i c  o f  our  model  is  that  the  

e q u a l i t y  b e t w e e n  g and n i s  j u s t  an a c c i d e n t .  H o w ev e r ,  i f  g 

is  l e s s  t h an  n ,  t h e n  u n l i k e  H a r r o d ,  it doe s  not lead  to a 

s i t u a t i o n  o f  g r o w i n g  d i v e r g e n c e  b e t w e e n  g and n .

It  may a l s o  be  o b s e r v e d  t h a t  the  r o l e  o f  the c l o s u r e  

W=W , to e n s u r e  t h e  e x i s t e n c e  o f  u n e m p l o y m e n t ,  i s  not the  

same  i n  o u r  m o d e l  and  a l s o  i n  n e o - M a r x i a n  m o d e l .  

N e o - M a r x i s t ' s  a rg u m e n t  on t h e  c a u s e  o f  s e c u l a r  s t a g n a t i o n  

( i . e ,  g < n)  was  b a s e d  on the i d e a  o f  i n a d e q u a t e  i n ve st men t
*

d e m a n d  ( b e c a u s e  t h e  c l o s u r e  W *  W d e t e r m i n e s  the  u p p e r  

l i m i t  o f  r ) .  T h e r e f o r e ,  the  n e o - M a r x i a n  model  w i l l  l ead  to 

the p o l i c i e s  t h a t  w i l l  r e d u c e  t h e  s u b s i s t e n c e  wage .  A l t h o u g h  

i n  our  model  the  s a v i n g - i n v e s t m e n t  n e x u s  i s  at  the  root o f  

a l l  t r o u b l e s ,  i t  i s  not due to a ' r '  w h i c h  i s  l e s s  than  the  

d e s i r e d  r a t e  o f  p r o f i t  for  a c h i e v i n g  f u l l  e mpl oy me nt ,  but  

for  t h e  o t h e r  way  ro un d .  As i n  o u r  model  wage  i s  the  o n l y  

s o u r c e  o f  s a v i n g s ,  a f i x e d  w a g e ,  w h i c h  may be l e s s  t h a n  

i t s  d e s i r e d  v a l u e ,  c a u s e s  u n e m p l o y m e n t .  Hence  our  model  

l e a d s  to  t h e  p o l i c i e s  t h a t  w i l l  s t i m u l a t e  s a v i n g s  v i a  a 

h i g h e r  w a g e  r a t e .

F i n a l l y ,  a n y  f i s c a l  p o l i c y  w h i c h  l o w e r s  t h e  rat e  o f  

p r o f i t  ( r )  a f f e c t s  t h e  r a t e  o f  g r o w t h  i n  o u r  model  t hro u gh  

s u b s t i t u t i o n  b e t w e e n  p r e s e n t  and  f u t u r e  c o n s u m p t i o n s ,  where  

the  p r i c e  o f  one u n i t  o f  f u t u r e  c o n s u m p t i o n  i s  1 / 1 + r  ( i t  may 

be r e c a l l e d  t h a t  the  wage  r a t e  i s  f i x e d  by the c l o s u r e ) .  

H o w e v e r ,  u n d e r  C o bb - Do u g l a s  u t i l i t y  f u n c t i o n  , i t  w i l l  h av e  

no i m p ac t  on the  g r o w th  r a t e ,  b e c a u s e  C-D u t i l i t y  f u n c t i o n



d o e s  n o t  p e r m i t  s u b s t i t u t i o n  b e t w e e n  p r e s e n t  a n d  f u t u r e  

c o n s u m p t i o n .  I f  t h e  t a x  r e v e n u e  is  d i s t r i b u t e d  e q u a l l y  

an ong  the  r e t i r e d  w o r k e r s  t h e n  p r e s e n t  c o n s u m p t i o n  o f  e a c h  

r e t i r e d  w o r k e r  w i l l  r i s e  . T h i s  c a n  be p r o v e d  from t h e  

u t i l i t y  m a x i m i z a t i o n  e x e r c i s e , ( S ee  a p p e n d i x ) .  C o n s e q u e n t l y  

g r o w t h  r at e  w i l l  f a l l  i n  our  model  w i t h  C o b b - D o u g l a s  u t i l i t y  

f u n c t i o n ,  a s  f u t u r e  c o n s u m p t i o n  i s  t h e  o n l y  s o u r c e  o f  

s av i n g s .

Conclusion

M any  n o n - n e o - c l a s s i c a l  e c o n o m i s t s  h a v e  a t t e m p t e d  to 

b r i n g  b o t h  M a r x i a n  and  K e y n e s i a n  f l a v o u r s  i n t o  a s i n g l e  

m o d e l  o f  g r o w t h  a n d  d i s t r i b u t i o n .  P e r h a p s  R o b i n s o n ' s  

i n f l a t i o n  b a r r i e r  ( 1 9 5 6 ,  1 9 6 2 )  i s  one  o f  them.  H o w e v e r ,  no

one has  e ve r  t r i e d  to s y n t h e s i z e  M a r x i a n  and  n e o - c l a s s i c a l  

i d e a s  i n t o  a s i n g l e  m o d e l  o f  g r o w t h  w i t h  o v e r l a p p i n g  

g e n e r a t i o n s .  T h e r e f o r e ,  our  model  i s  a new  i n c l u s i o n  in  the 

l i t e r a t u r e  o f  h y b r i d  m o d e l s  o f  g r o w t h .



APPENDIX

A Suggestive  Proof for Uniqueness,  E xistence  and 

S t a b i l i t y  of  the Equilibrium

We s h a l l  p r o v e  e x i s t e n c e ,  u n i q u e n e s s  and  s t a b i l i t y  o f  

the  e q u i l i b r i u m  w i t h  the  h e l p  o f  a s i m p l e  u t i l i t y  f u n c t i o n ,  

n a m e l y  C o b b - D o u g l a s  u t i l i t y  f u n c t i o n .  One  p r o b l e m  w i t h

C o b b -D ou gl as  u t i l i t y  f u n c t i o n  i s  t hat  it  d o e s  not  a l l o w  f o r

s u b s t i t u t i o n  b e t w e e n  p r e s e n t  and  f u t u r e  c o n s u m p t i o n ,  

t h e r e f o r e ,  C . E . S .  u t i l i t y  f u n c t i o n  c a n  be u s e d  to s t u d y  

t h i s ,  w i t h o u t  any  d i f f i c u l t y . *

1 2
Our  o b j e c t i v e  i s  to max :  U ( c  , c  ) s u b j e c t  to the budget  

c o n s t  r a i n

c * + c 2 / 1 +  r = W

C o n s i d e r i n g  a C o b b - D o u g l a s  u t i l i t y  f u n c t i o n ,  the  L a g r a n g i a n  

f u n c t i o n  b e c o m e s ,

L = ( c 1 f  ( c 2 f - [ c 1 +  c 2 / 1  + r - W ]

From t h i s  we get  a f t e r  s u b s t i t u t i n g  for W from ( 4 )

C 1 =o( [ l-a1 / a 0 - r a ^ a g  ]

* T h i s  e x e r c i s e  has  be en  done  in an e x t e n d e d  v e r s i o n  of  

t h i s  pa per



T h e r e f o r e ,  t o t a l  c o n s u m p t i o n  o f  1 / 1 + g  c u r r e n t  w o r k e r s  is  

o( /
a + g  [ l - a j / a g  - r a ^ a g  ]

2
and  t o t a l  c o n s u m p t i o n  o f  1 / ( 1 +  g ) r e t i r e d  w o r k e r s  i s  

a ^ ( 1 + r ) / a g ( l + g )  [ b e c a u s e  t h e y  i n v e s t e d  a ^ / a g t l + g )  amount  o f  

c o r n  to p r o d u c e  x t ].

T h e r e f o r e ,  c t = [o(/l + g( 1 -a x / a Q ) + a 1 / a Q (1  + g ) ]

+  r [a j  - 0<a1 / a o ( l  +  g ) ] ............................... ( 5 )

For  a g i v e n  r = r * ,  we h ave  a n e g a t i v e  n o n - l i n e a r  r e l a t i o n s h i p  

b e t w e e n  c t and g ,  sa y  c t = f ( g ) .  Let  us d e n o t e  the  f u n c t i o n a l  

r e l a t i o n s h i p  o f  ( 3 )  by c t It  may be n ot ed  that  f and

j> c u r v e s  h a v e  the  f o l l o w i n g  p r o p e r t i e s :

1. f ' < 0 ,  f " > 0 ,  4f*<0, p > o

2. As g -> OG = = = > f ( g )  ->0

3. As g -> 0 = = = > f ( g )  -> C< - o<a1+ a 1 +  r ( a 1 -«(a1 ) / a 0

4. As g -> 0 = = = > <j>(g) -> 1 -a  ̂/ a  q

5. As g -> 1 -a 1 / a   ̂ = = = > <jKg) ~>0

To e n s u r e  e x i s t e n c e  o f  t h e  e q u i l i b r i u m  for  a p o s i t i v e  

' g '  , we assu me  f u r t h e r  t hat  the  i n t e r c e p t  o f  t h e  f c u r v e

w i t h  the  c t a x i s  in the  f i g u r e  i s  s m a l l e r  t han  t h e  i n t e r c e p t

o f  the  ^ c u r v e  w i t h  the  c t a x i s ,  i n  o t h e r  w o r d s ,

( 1 -a  ̂ ) >0^-Q(a1+ a 1 +  r ( a j  - 0(a i )



F i g . l :  E x i s t e n c e  Of E q u i l i b r i u m

Uni  q u e n e s s

To a r r i v e  at a s t ea d y  s t a t e  s o l u t i o n  f ( g )  must be equal  

to the  f u n c t i o n  g ) • Now i f  we e q u a t e  t h e s e  two f u n c t i o n s ,  

we w i l l  get a l i n e a r  f u n c t i o n  in g.  T h e r e f o r e ,  we can have  

o n l y  one v a l u e  o f  g.  F u r t h e r m o r e ,  to ens ur e  a p o s i t i v e  g we 

need the i n t e r c e p t  c o n d i t i o n .

L o c a l  s t a b i l i t y

It has  been  assumed in our  pa pe r  that  the c o n s u mp t i o n  

p l a n s  a r e  d e t e r m i n e d  b e f o r e  i n v e s t m e n t  p l a n s  a r e  l a i d .  

S i n c e  o u r  mo d e l  i s  an o v e r l a p p i n g  g e n e r a t i o n s  m o d e l ,  

t h e r e f o r e ,  i n v e s t me n t  and h en c e  the  f u t u r e  gr owth  rate  g 

d e p e n d s  e n t i r e l y  upon the c o n s u m p t i o n  p l a n s  of  the c u r r e n t  

w o r k e r s .  Cur r e nt  w o r k e r s  in p e r i o d  t ,  i . e .  1 / 1 + g ,  w i l l  get

*
wage W [ whi c h  is f i x e d  by the  c l o s u r e  J f r o m the r e t i r e d

w o r k e r s . I m m e d i a t e l y  t he y  w i l l  d e c i d e  t h e i r  c u r r e n t  and



and a c c o r d i n g l y  t h e y  w i l l  c on s u me  the amount in the c u r r e n t

p e r i o d  and save  rest  of  the  a c o u n t  for f u t u r e  c o n s u m p t i o n  -

w h i c h  i s  the  s o u r c e  o f  f u t u r e  g r o w t h  r a t e .  N o t e  t h a t

r e t i r e d  w o r k e r ' s  c o n s u m p t i o n  i s  f i x e d  b e c a u s e  r is f i x e d  and 

t h e r e  is no b e q u e s t  in our  mo d e l .  T h e r e f o r e ,  the ' f '  cur ve  

w h i c h  i s  d e t e r m i n e d  by the  u t i l i t y  m a x i m i z a t i o n  e x e r c i s e  

t r a c e s  the  a c t u a l  t o t a l  c o n s u m p t i o n  o f  t h e  c u r r e n t  a nd  

r e t i r e d  w o r k e r s .  Hence  t h e r e  c a n  not be any c o n s u m p t i o n  

p o i n t  be l ow  or ab ov e  the f c u r v e  f or  a g i v e n  g ,  in or out o f  

e q u i l i b r i u m .  On t h e  o t h e r  h a n d  c u r v e  s h o w s  the

a v a i l a b i l i t y  o f  t o t a l  seed c o r n  f or  c u r r e n t  c o n s u m p t i o n  i f  

t he  economy gr ows  at the r a t e  g.  T h e r e f o r e ,  to t he  r i g h t  o f  

''•c ( s a y  g)  , a c t u a l  c o n s u m p t i o n  in  p e r i o d  t is  g r e a t e r  than  

what  it shoul d  be i f  the economy  w a n t s  to grow at the  r at e  g 

in  the next p e r i o d  a l s o .  H e n c e  t o t a l  i n v e s t i b l e  r e s o u r c e s  

i s  not s u f f i c i e n t  to m a i n t a i n  t h e  g r o w t h  r a t e  g.  T h e r e f o r e ,

the gr owth  rate  w i l l  f a l l  and u l t i m a t e l y  it c o n v e r g e s  to the

g r o w t h  r a t e  g * .  S i m i l a r l y  to t h e  l e f t  o f  g *  , t o t a l  

c o n s u m p t i o n  i s  l e s s  than  what  i s  a v a i l a b l e .  I n  t h i s  way ,  

i n v e s t m e n t  and h e n c e  the  g r o w t h  r a t e  w i l l  r i s e .  Hence  the 

e q u i l i b r i u m  is  s t a b l e  in our  model- Now let  us d e r i v e  the 

t ime path of  the  v a r i a b l e  g by the  p r o c e s s  o f  i t e r a t i o n .  It  

may  be s e e n  t h a t  in o u r  m o d e l  x t +1 = x t ^ + § t + l ^  x t =

x t -1 ( l + gt  ) e t c  • i w h e r e  § t  + l ^ s t ^ or non s t e a d y  s t a t e  

b e h a v i o u r .  T h e r e f o r e  g in the d e n o m i n a t o r  of  e q u a t i o n  ( 5 )  

i s  g t b e c a u s e  ( 5 )  shows t he  c u r r e n t  pl us  r e t i r e d  w o r k e r s  

c o n s u m p t i o n  in p e r i o d  t.  S i n c e  t h e r e  is  no b e q u e s t  in our 

m o d e l ,  t h e r e f o r e ,  r e t i r e d  w o r k e r s  c o n s u m p t i o n  is  a f u n c t i o n  

of  the t o t a l  i n v e s t m e n t  made in  p e r i o d  t-1 to p r o d u c e  x t ,

t h e r e f o r e ,  it i s  a p o s i t i v e  f u n c t i o n  o f  g c • S i m i l a r l y ,  

t o t a l  c u r r e n t  w o r k e r s  e m p l o y e d  to p r o d u c e  x t i s  a l s o  a 

f u n c t i o n  o f  g t .



We k n o w  t h a t  in  a o n e  c o m m o d i t y  m o d e l  Xj. i s  a l w a y s  

e q u a l  to the i n v e s t m e n t  made in p e r i o d  t to produce  

p l us  t o t a l  a c t u a l  c o n s u m p t i o n  in p e r i o d  t .  T h e r e f o r e ,

x t = a i x t ( l + g t + l ) + c t

Now from e q u a t i o n  ( 5 )  we get  a c t u a l  c o n s u mp t i o n  c t , 

w h i c h  is

c t = A / a 0 ( l + g t ) where  

A = 0( “ 0( a i + a L +  r ( a L - 0(a ]_ )

He n c e ,

x t _ L ( 1 -»-g t ) = a 1 x t _ 1 ( l + g t ) ( l + g t + 1 ) + A / a 0 ( l + g t )

or ,

1 * a 1 ( l + g t + 1 ) +  A / a 0 x (. _ 1 ( l + g t ) 2

Let  us d e n o t e  l + §t  +  l by v t +  ̂  and v t '  F i n a l l y  we

w i l l  get  ,

d » e + 1 / d * t - 2 A / aj  a 0 x t V 2 t

w h i c h  is  a l w a y s  p o s i t i v e .  I f  d v t + l / d v t i s  l e s s  than  one 

[ note  that  u n i q u e n e s s  and e x i s t e n c e  r e q u i r e d  A < 1] then the 

s ys t em i s  s t a b l e  in the  s e n s e  t hat  the p h a s e  path  c o n v e r g e s  

to the e q u i l i b r i u m  v a l u e  w i t h o u t  o s c i l l a t i o n .  It may be 

o b s e r v e d  t h a t  t h i s  is  t r u e  o n l y  in t h e  n e i g h b o r h o o d  o f  

e q u i l i b r i u m .  F u r t h e r m o r e ,  i f  d v t + ^ / d v t is  l e s s  than one 

then  it does  not v i o l a t e  the  i n t e r c e p t  c o n d i t i o n ,  r e q u i r e d  

to e n s u r e  e x i s t e n c e  a nd  u n i q u e n e s s  o f  e q u i l i b r i u m  f o r  a 

p o s i t i v e  g.
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